Abstract: Given a complex manifold M equipped with an action of a group G, and a holomorphic principal H-bundle E H on M, we introduce the notion of a connection on E H along the action of G, which is called a G-connection. We show some relationship between the condition that E H admits a G-equivariant structure and the condition that E H admits a (flat) G-connection. The cases of bundles on homogeneous spaces and smooth toric varieties are discussed.
Introduction
Let M be a complex manifold equipped with a holomorphic action of a connected complex Lie group G. Let H be a connected complex Lie group and E H a holomorphic principal H-bundle on M. Given these data, we construct an analog of the Atiyah bundle, denoted by At G (E H ), that fits in the following short exact sequence of holomorphic vector bundles on M:
where ad(E H ) := E H × H Lie(H) −→ M is the adjoint vector bundle for E H . We note that the above exact sequence is quite similar to the Atiyah exact sequence for E H . Let : E 0 −→ TM be the homomorphism given by the action of G on M. The pair (At G (E H ) , ∘ δ) defines a Lie algebroid (see [4, p. 153] for the definition of a Lie algebroid). A G-connection on E H is defined to be a holomorphic splitting α : E 0 −→ At G (E H ) of the above sequence, meaning δ ∘ α = Id E0 . Just as an usual connection has a curvature, a G-connection has a curvature which is an element of H 0 (M, ad(E H )) ⊗ ⋀︀ 2 Lie(G)*. A G-connection is called flat if its curvature vanishes identically.
We prove the following (Theorem 3.1):
-If E H admits an equivariant structure, then E H admits a flat G-connection.
-If E H admits a flat G-connection, and G is simply connected, then E H admits an equivariant structure.
When the group G is semisimple and simply connected, we prove the following (Corollary 3. by TM. Let dp : TE H −→ p * TM be the differential of the projection p. Let T E H /X := kernel(dp) ⊂ TE H be the relative tangent bundle for p. We note the using the action of H on E H , the vector bundle T E H /X is identified with the trivial vector bundle over E H with fiber h. This identification between T E H /X and E H ×h descends to an identification of (T E H /X )/H = (p * T E H /X ) H with the adjoint vector bundle ad(E H ). Therefore, the short exact sequence of of vector bundles
descends to a short exact sequence of vector bundles
on M. We note that (2.2) is known as the Atiyah exact sequence for E H . A holomorphic connection on E H is a holomorphic homomorphism of vector bundles
Exact sequence associated to an action
Let G be a connected complex Lie group. The Lie algebra of G will be denoted by g. Let
be a holomorphic action of G on M. The trivial vector bundle on M with fiber g will be denoted by E 0 . The sheaf of holomorphic functions on M will be denoted by O M . Let
be the O M -linear homomorphism given by the action of G on M.
Consider the homomorphism 
where pr 2 is the projection to the second factor, will be denoted by δ. From (2.2) it follows that the kernel of δ is ad(E H ). Therefore, we have a short exact sequence of vector bundles
Since E 0 is the trivial vector bundle with fiber g, its fibers are equipped with the structure of a Lie algebra. In particular, the sheaf of sections of E 0 is equipped with a Lie algebra operation. As noted before, The fibers of ad(E H ) are also Lie algebras, and they are isomorphic to h. Although the fibers of At G (E H ) do not have any natural Lie algebra structure, the sheaf of sections of At G (E H ) has a natural Lie algebra structure.
To see this, first note that the Lie bracket operation on the sheaf of sections of TE H produces a Lie bracket structure on the sheaf of sections of At(E H ) = (p * TE H ) H = (TE H )/H. Indeed, this follows immediately from the fact that the Lie bracket of two locally defined H-invariant vector fields on E H is again H-invariant. This Lie algebra structure on the sheaf of sections of At(E H ), and the Lie algebra structure on the sheaf of sections of E 0 , together produce a Lie algebra structure on the sheaf of sections of the vector bundle At(E H ) ⊕ E 0 in (2.6). Its subsheaf, given by the sheaf of sections of the subbundle At G (E H ) in (2.6), is clearly preserved under this Lie bracket operation. It is straight-forward to check that all the homomorphisms in (2.8) are compatible with the Lie bracket operations.
G-connections on E H and their curvature
A G-connection on E H is a holomorphic homomorphism
such that δ ∘ α = Id E0 , where δ is the homomorphism in (2.8).
The obstruction to the existence of α satisfying the above condition is given by a cohomology class
Let α be a G-connection on E H . For any two holomorphic sections s and t of E 0 defined over an open subset U ⊂ M, consider
Since the homomorphism δ in (2.8) is compatible with the Lie algebra structures, it follows that K(α)(s, t) lies in the image of ad(E H ). Furthermore, we have
for any holomorphic function f defined on U. Therefore, we obtain a holomorphic section
This section K(α) will be called the curvature of the G-connection α.
The connection α will be called flat if K(α) = 0. We note that if H 0 (M, ad(E H )) = 0, then any G-connection on E H is automatically flat.
Criterion for equivariance
As in (2.3), ρ is an action of G on M, and E H is a holomorphic principal H-bundle over M.
, where p is the projection in (2.1), and -the actions of G and H on E H commute.
Theorem 3.1.
(i) If E H admits an equivariant structure, then E H admits a flat G-connection. (ii) If E H admits a flat G-connection, and G is simply connected, then E H admits an equivariant structure.
Proof. Assume that E H has an equivariant structurẽ︀
Let E denote the trivial vector bundle over E H with fiber g, so E = p * E 0 . Let︀
be the homomorphism given by the above actioñ︀ ρ. Since the actions of G and H on E H commute, the homomorphism̃︀ ξ produces a homomorphism
Now consider the homomorphism
Its image is clearly contained in the subbundle At G (E H ) in (2.6). Therefore, we get a homomorphism
2)
The homomorphism ξ in (3.2) clearly satisfies the condition δ ∘ ξ = Id E0 . So ξ is a G-connection on E H . Since the homomorphism̃︀ ξ in (3.1) is compatible with the Lie algebra structures on the sheaves of sections of E and TE H , it follows that the above G-connection ξ is flat.
To prove part (2), assume that G is simply connected, and E H admits a flat G-connection
The composition
where pr 1 : At(E H ) ⊕ E 0 −→ At(E H ) is the natural projection, will be denoted by α ′ . Let
be the pullback of the above homomorphism α ′ to E H . Since the G-connection α is flat, it follows that α ′′ is compatible with the Lie algebra structure of the sheaves of sections of E and TE H . Note that α ′′ projects to the homomorphism defined in (2.4), because pr 2 ∘ α = Id E0 (the homomorphism pr 2 is as in (2.7) ). Since G is simply connected, the above homomorphism α ′′ integrates into an action of G︀
. Also, this action of G on E H commutes with the action of H because the above homomorphism α ′′ is H-equivariant (the action of H on E is given by the action of H on E H and the trivial action of H on g). Therefore,̃︀ ρ produces an equivariant structure on E H .
Proposition 3.2. Assume that -the group G is semisimple, and -E H admits a G-connection.
Then E H admits a flat G-connection.
induced by α will be denoted by α * . Similarly, let
be the homomorphism induced by δ in (2.8). We have δ * ∘ α * = Idg, because δ ∘ α = Id E0 . Hence the homomorphism δ * is surjective. The Lie algebra structure on the sheaf of sections of At G (E H ) produces a Lie algebra structure on the vector
The above homomorphism δ * is Lie algebra structure preserving because δ is so.
Since g is semisimple, and δ * is surjective, there is a Lie subalgebra
is an isomorphism [3, p. 91, Corollaire 3] . Now consider the homomorphism︀
It is straight-forward to check that this homomorphism̂︀ δα defines a flat G-connection on E H . 
Examples

Bundles on G/S
Let G be a simply connected simple affine algebraic group defined over C. Let S be a closed connected complex subgroup of G. For example, S can be a parabolic subgroup of G. The group G acts on G/S via the leӔ-translation action of G on itself.
Let E H be a holomorphic principal H-bundle on G/S. From Proposition 3.2(1) and Corollary 3.3 we know that E H admits an equivariant structure if and only if the short exact sequence in (2.8) splits holomorphically. The obstruction to the holomorphic splitting of (2.8) is given by a cohomology class
Therefore, E H admits an equivariant structure if and only if we have c(E H ) = 0. In particular, we have the following:
Lemma 4.1. If E H is a holomorphic principal H-bundle on G/S such that
then E H admits an equivariant structure.
For any g ∈ G, let τg : G/S −→ G/H be the automorphism defined by xS ↦ −→ gxS. If︀
is an equivariant structure on E H , then clearly the map
is an isomorphism of E H with the pulled back principal H-bundle τ 
The set Y is equipped with the group operation
). This makes Y into a complex Lie group with η being a holomorphic homomorphism. Since G is a simple simply connected complex algebraic group, there is a closed complex subgroup
is an isomorphism, where η is the above projection. This follows from [3, p. 91, Corollaire 3] . Indeed, from the condition that G is simple it follows that there is a Lie subalgebra
such that the Lie algebra homomorphism
is an isomorphism, where dη : Lie(Y) −→ Lie(G) is the homomorphism corresponding to η. Now, since G is simply connected, the subgroup G ⊂ Y whose Lie algebra is V satisfies the condition that the homomorphism 
Bundles on toric varieties
The multiplicative group C \ {0} will be denoted by C * . Let M be a complex projective manifold of dimension 
